Abstract. In this paper, we mainly study the order of q-starlikeness of the well-known basic hypergeometric function. In addition, we obtain the Bieberbach-type problem for a generalized class of starlike functions. We also discuss the Fekete-szegö and the Hankel determinant problems for the same class of functions.
Introduction
Without loss of generality, the study of univalent functions has been restricted to the open unit disk D = {z ∈ C : |z| < 1}. The subclasses of the class of univalent functions such as the classes of convex, starlike, and close-to-convex functions have been extensively investigated in the literature by numerous researchers in this field of study. We refer [5, 8] for the basic results on these classes.
We denote by H(D), the set of all functions analytic (or holomorphic) in D. We use the symbol A for the class of functions f ∈ H(D) with the Montel normalization f (0) = 0 = f ′ (0) − 1. This means that the functions f ∈ A have the power series representation of the form (1.1) f (z) = z + ∞ n=2 a n z n where a n 's are complex numbers. Let S denote the class of all univalent functions in A.
A function f ∈ A is said to be starlike of order α, 0 ≤ α < 1, if
We use the notation S * (α) for the class of all starlike functions of order α. This is immediate that for α = 0, this class coincides with the class S * of all starlike functions. In [2] , the authors generalize the class S * (α) by replacing the derivative in (1.2) by the q-derivative D q (f ) (also called the q-difference operator), defined for 0 < q < 1 by the and the right half plane by a suitable domain. They defined that a function f ∈ S * q (α), 0 ≤ α < 1, if
Set S * q := S * q (0). The class S * q is defined and studied by Ismail in [10] . As
But (1.5) need not imply (1.4). Hence, it is natural to consider the following class in the more general way. Definition 1.1. A function f ∈ A is said to be in the class of q-starlike functions of order α, denoted by S q (α), 0 ≤ α < 1, if
Clearly, S q (α) ⊃ S * q (α) and as q → 1 − , S q (α) = S * (α). Set S q := S q (0) so that as q → 1 − , S q (0) = S * . In Section 2, we establish a result on the order of q-starlikeness of shifted basic hypergeometric functions
where (a; q) n = (1 − a)(1 − aq)(1 − aq 2 ) · · · (1 − aq n−1 ), (a; q) 0 = 1 with 0 ≤ q < 1, a, b, c are real parameters and (c; q) n = 0. For the basic properties of Heine's hypergeometric functions the basic references are [3, 27] . Interestingly, the replacements of a, b and c by q a , q b and q c respectively, then as q → 1 − , the function Φ[q a , q b ; q c ; q, z] tends to the well-known Gaussian hypergeometric functions
where a, b, c are real parameters, (a) 0 = 1, (a) n = a(a + 1) · · · (a + n − 1) is the Pochhammer symbol and c is neither 0 nor a negative integer (except in special cases where a = −m or b = −m and c = −p with p > m).
2.
Order of q-starlikeness of basic hypergeometric functions
In [15] , Küstner investigated the order of starlikeness of the shifted Gaussian hypergeometric functions. In a generalized way he extended the notion of order of starlikeness of f ∈ A as
and established that the order of starlikeness of shifted Gaussian hypergeometric functions zF (a, b; c; z) is −∞ under certain constraints on the real parameters a, b, c. Basic results on the order of starlikeness of the Gaussian hypergeometric functions can be found in [9, 15, 18, 22, 24, 26] . Now, let us define the order of q-starlikeness of f ∈ A as,
Here our main aim is to consider the shifted basic hypergeometric functions and determine the order of q-starlikeness in the sense of Küstner under some conditions on a, b, c and q as follows:
Theorem 2.1. Let a, b, c be non-negative real numbers with 0 < 1 − aq < 1 − cq and 0 < 1 − b < 1 − c. For 0 < q < 1 and r ∈ (0, 1], the function z → zΦ[a, b; c; q, rz] has the order of q-starlikeness
where
In particular, we have
From this we can observe the following Remark 2.2. The case s < 0 with r = 1 in Theorem 2.1 is considered in the limiting sense. In this case, the lower bound 1 + sr 1 − r is equal to −∞.
Proof of Theorem 2.1. Set Φ(z) = Φ[a, b; c; q, z] and f (z) = zΦ(z). Now, by (1.3) we have
Hence,
where the last equality holds by [7, 1.12 (ii), pp. 27]. Recall the difference equation stated in [1] , which is equivalent to
Substituting this ratio in (2.1), we get
where s is defined in the statement of our theorem with q ∈ (0, 1). It follows from [1] that w has an integral representation (2.2)
with the non-negative real numbers a, b, c satisfying the conditions 0 ≤ 1 − aq ≤ 1 − cq and 0 < 1 − b < 1 − c. Now, for s > 0, r ∈ (0, 1] and from equation (2.2) it follows that the minimum of Re w for |z| ≤ r is attained at the point z = −r and that the minimum is 1 − rs (1 + r)
. Secondly, for s < 0, r ∈ (0, 1] and from equation (2.2), it follows that the minimum of Re w for |z| ≤ r is attained at the point z = r and that the minimum is 1 + rs
. 
Proof. The condition 0 < a < 1 gives s > 0. The case s > 0 in Theorem 2.1 concludes the result, since the conditions on the parameters a, b, and c in Theorem 2.1 and Corollary 2.4 are same, when 0 < a < 1.
On substituting of r = 1 in Corollary 2.4 gives the order of q-starlikeness of the shifted basic hypergeometric functions with certain conditions on a, b, and c. 
In particular, when s = 2, the shifted basic hypergeometric function zΦ[a, b; c; q, z] ∈ S q . When we put a = q a , b = q b and c = q c and allow q → 1 − , then Corollary 2.5 leads to an well-known result on the order of starlikeness of the Gaussian hypergeometric functions namely,
This result on Gaussian hypergeometric function of Corollary 2.6 is not only interesting by itself, but also useful and employed for further research in geometric function theory. Many researchers used this result, particularly Ponnusamy and Sahoo in [23] used it innovatively to study pre-Schwarzian norm estimates for integral operators (defined by convolution) of functions belonging to special subclasses of the class of univalent functions with hypergeometric functions. Similarly, we expect that these results on basic hypergeometric functions will be fruitful and pave the way for further research in function theory as well as in physics.
Coefficient estimates
In geometric function theory, finding bound for the coefficient a n of functions of the form (1.1) is an important problem, as it reveals the geometric properties of the corresponding function. For example, the bound for the second coefficient a 2 of functions in the class S, gives the growth and distortion properties as well as covering theorems. Estimating coefficient of functions from the class of univalent functions and its subclasses is of interest among function theorists since last decade; see for instance [2, 4] .
Another interesting coefficient estimation is the Hankel determinant. The k th order Hankel determinant (k ≥ 1) of f ∈ A is defined by
For our discussion, in this paper, we consider the Hankel determinant H 2 (1) (also called the Fekete-Szegö functional) and H 2 (2). As early as 1916, Bieberbach himself established that if f ∈ S, then |a 2 2 − a 3 | ≤ 1. In 1933, Fekete and Szegö in [6] proved that
The result is sharp in the sense that for each µ there is a function in the class under consideration for which equality holds. The coefficient functional a 3 − µa 2 2 has many applications in function theory. For example, the functional a 3 − a 2 2 is equal to S f (z)/6, where S f (z) is the Schwarzian derivative of the locally univalent function f defined by
Finding the maximum value of the functional a 3 − µa 2 is µ = 1/3 (see [13] ). Later, in [14] (see also [17] ), this result was generalized for functions that are close-to-convex of order β, β ≥ 0. In [20] , Pfluger employed the variational method in dealing the Fekete-Szegö inequality which includes a description of the image domains under extremal functions. Later, Pfluger [21] used Jenkins method to show that for f ∈ S, |a 3 − µa 
where u = 1 − log(cos ϕ) and v = tan ϕ − ϕ, 0 < ϕ < π/2. This section covers the Bieberbach-type problem, the Fekete-Szegö problem and the Hankel determinant of functions belonging to the class S q . This can be extended in the similar way for the functions belonging to the class S q (α). Note that the Bieberbach-type problem for the classes S * q and S * q (α) are respectively established in the papers [10] and [2] . The following lemmas are useful for the proof of the Fekete-Szegö problem and finding the Hankel determinant.
Let P be the family of all functions p ∈ H(D) for which Re {p(z)} ≥ 0 and
Lemma 3.1. [16, pp. 254-256] Let the function p ∈ P and be given by the power series (3.1). Then
for some x and z satisfying |x| ≤ 1, |z| ≤ 1, and p 1 ∈ [0, 2].
Lemma 3.2. [19, Lemma 1]
Let the function p ∈ P and be given by the power series (3.1). Then for any real number λ,
and the result is sharp.
Lemma 3.3 (Carathédory lemma).
If a function p(z) = 1 + ∞ n=1 p n z n ∈ P, then |p n | ≤ 2, n = 1, 2, . . .. The result is sharp for
3.1. The Bieberbach-type problem. The Bieberbach-type problem for the class S q is investigated and we prove the following result.
Theorem 3.4. If f (z) = z + ∞ n=2 a n z n ∈ S q , then for all n ≥ 2,
Equality holds for the function
Proof. The proof depends on the the method of induction. Suppose that f ∈ S q . Set
Clearly, p(z) ∈ P. From (3.2), we have
By substituting the series for f (z) and p(z) in (3.3), we have
On comparing coefficient of z n both sides, we obtain
where a 1 = 1. Lemma 3.3 along with the triangle inequality obtains
Let us assume that the conclusion of the theorem is true for k = 2, 3, . . . , n − 1. That is,
Now our claim is to establish (3.6) for k = n. Using (3.6) in (3.5) we have
For the proof of the equality part, let us assume that
Since the image of the the unit disk under the map (1 + z)/(1 − z) is the right half plane, F ∈ S q . To find the coefficient b n , write
By substituting the series representation of F (z), we have (3.7)
where b 1 = 1. Equation (3.7) can be rewritten as
Equating the coefficient of z n both sides, we have
Simple calculation leads to the conclusion that
This completes the proof of our theorem.
3.2. The Fekete-Szegö problem. The Fekete-Szegö problem for the class S q is obtained as follows:
Theorem 3.5. Let f ∈ S q be of the form (1.1) and µ be any complex number. Then
.
Equality occurs for the functions F and G satisfying
Proof. Let f ∈ S q . By (3.4), we get
We now apply Lemma 3.2, to get
This completes the proof of the first part. It now remains to prove the sharpness part. For the function F defined in the statement of the theorem, it follows from the equality part of the Theorem 3.4 that the n-th coefficient
So, we get
Therefore,
Again, it is clear that the function G defined in the theorem is in the class S q . Also it is easy to show that the second coefficient is zero, whereas the third coefficient is 2/q(1 + q). Hence the conclusion follows. Theorem 3.7. Let f ∈ S q be of the form (1.1). Then
Equality occurs for the function G(z) defined in (3.8).
, and
Suppose now that p 1 = c and 0 ≤ c ≤ 2. Using Lemma 3.1, we obtain
Simplification yields, |a 2 a 4 − a Furthermore, we can see that h ′ (ρ) ≥ 0. This implies that h is an increasing function in ρ and thus the upper bound for |a 2 a 4 − a 1 + q 2 ) .
The function G defined in the statement of the theorem shows the sharpness of the result. This completes the proof of the theorem. 
